Affinity chromatography (biospecific adsorption) relies on specific interactions of biological molecules such as enzymes, antigens, antibodies, and proteins. The process consists of three steps: adsorption, washing, and elution. A mathematical model including convection, diffusion, and reversible reaction is formulated to analyse the breakthrough behaviour of the solute. A moving finite element orthogonal collocation method is applied with respect to the space variables of the governing partial differential equations of the model to evaluate the breakthrough of the solute. Danckwerts' boundary conditions are considered for the column. The validity of the numerical scheme is checked by comparison with an analytical solution for a simplified model. The results obtained from model simulation show that the breakthrough time of the solute is significantly influenced by the axial dispersion coefficient, solute concentration, ligand content, reaction kinetics, particle porosity, particle size, and flow rate. Solute recovery and bed utilisation efficiencies are evaluated for different values of the above parameters.
Introduction
Selective binding capabilities offer advantages over relatively non-specific physical properties when used as the basis of a separation process. Affinity chromatography owes its power as a purification method to specific biological interactions. For example, an enzyme may interact with an immobilised substrate or substrate analogue, an immobilised lectin may interact with the carbohydrate moiety of a glycoprotein or a receptor protein with its specific ligand. The underlying concept of affinity separations is simple: a feed is contacted with a solid phase that has a high affinity for the solute of interest. After the solid phase has been saturated it is washed to remove non-specifically adsorbed contaminants. The solute is collected after disrupting the specific interactions. The high affinity solid phase can be, for example, a solute-specific antibody immobilised on porous particles or, if the solute is an enzyme, an immobilised cofactor or substrate analogue. A large number of affinity systems have been developed for a wide variety of separations [l -31.
Analysis of affinity separations has lagged considerably behind the explosion in its applications. Detailed mathematical analysis for the models has been lacking in the literature. Katoh et al. [4] applied fixed bed adsorption theory with an overall mass transfer coefficient for the numerical prediction of adsorption and elution profiles. They concluded that the performance during adsorption was limited by diffusion rather than by the formation of the affinity complex. Sportsman and Wilson [ 5 ] , however, modelled the nonequilibrium interactions with a flow rate-dependent rate constant for the formation of the affinity complex. Chase [6] has presented and used a simple model in order to study the dynamic behaviour of biospecific adsorption in a fixed bed. The rate constants in Chase's model are parameters which lump the effects of the interaction mechanism between the solute and the ligand together with the mass transfer mechanisms characterising the transport of solutes, since the model does not account for mass transfer resistances. Arnold and Blanch [7] indicate that the equations reported by Chase are not quite correct and Chase's definition of time is ambiguous since it depends on the size of the nonadsorbing species. Arnold et al.
[8] presented a model for biospecific adsorption in a fixed bed that includes axial dispersion, liquid film mass-transfer resistance, and diffusion within the adsorbent particles. The Langmuir isotherm was considered, and the rate laws of formation of the affinity complex were first order reversible and second order irreversible. Solutions to the model were obtained by using the approach of Vermeulen et al. [9] which is valid for a plug flow system exhibiting constant pattern behaviour in which the adsorption is irreversible and the rate of the adsorption is very fast. There is evidence that the rate of adsorption step may be rate limiting, and Arve and Liapis [lo] found for the experimental system of their study that the finite rates of the association and dissociation steps contributed significantly to the dynamic behaviour of the system. Their results indicate that the assumption of a very fast adsorption step, as assumed in the work of Arnold et al. [8] , may not be appropriate in certain biospecific adsorption systems. Modelling of affinity separation on gel beads in a packed bed is presented by Horstmann and Chase [l I] without axial dispersion. In a recent paper, Gonzalez-Patino et al. [12] , studied the effect of particle size on adsorption equilibrium and mass transfer kinetics with respect to affinity chromatography. They concluded that small particles (55 -56 pm diameter) should be used for improving separation efficiency rather than larger particles in order t o avoid possible internal resistances. Boyer existing mathematical models found in the literature for affinity chromatography.
In preparative-and large-scale affinity chromatography, the column is often overloaded in terms of feed volume or concentrations, or both. Thus, interference effects, axial dispersion and mass transfer resistances such as interfacial mass transfer and intraparticle diffusion become important. Mathematical modelling and theoretical analysis play an important role in the scale-up process. The majority of the existing theoretical models for affinity chromatography are designed in a nonlinear concentration range with no mass transfer or kinetic resistances. Most scale-up processes for protein purification using affinity chromatography were carried out empirically. Furthermore, mass transfer resistances can be very significant, especially for macromolecules.
Process modelling and simulation are conducted to gain a better understanding of the solute breakthrough behaviour in packed columns. The objective of the present study is to develop a mathematical model that describes the adsorption stage of affinity chromatography in a packed column from which the breakthrough curves can be generated. This comprehensive model includes axial dispersion, surface film resistance, porous diffusion resistance, and surface reaction kinetics. The solution of this comprehensive model requires numerical computation. A moving finite element orthogonal collocation method is used. The detailed mathematics involved is presented in [14, 151. This work focusses on simulating the effect of axial dispersion coefficient, solute concentration, ligand content, reaction kinetics, particle porosity, particle size, and flow rate on the breakthrough behaviour of the solute in an affinity packed column.
Model Development
The model developed incorporates the typical features of an affinity column packed with porous particles which is schematically represented in Fig. 1 . The following basic assumptions are needed for the general rate model used in this study. The model is based on the isothermal sorption of a single solute in dispersed plug flow through a packed column of monodisperse porous particles. The bulk liquid has a solute concentration C (z,t), with a superficial velocity uo through a bed of length L , and void fraction E . The particles are spherical with radius R and porosity 0. The concentration of the solute adsorbed on the porous bead is qi (r,z, t) and the solute concentration in the pores is Ci (r,z, t). It has been assumed that the effective diffusivity is independent of concentration, mass transfer to the surface of the adsorbent is governed by a film model [I61 characterised by a mass transfer coefficient kf, and the immobilised ligand is distributed uniformly throughout the interior of the particle.
I Adsorption
In the adsorption step, solute ( P ) of interest is adsorbed onto the matrix on which the ligand ( L ) is immobilised. The affinity interaction between the protein and vacant immobilised ligand is assumed to be of the form: ') Monovalent adsorption is considered in the present study. Assuming that the affinity interaction is second order in the forward direction and first order in the reverse direction, the mass balance equation for solute adsorbed on solid phase can be written as:
In general, axial dispersion should be considered at the entrance of the column because a steep first-order spatial gradient exists there. When axial dispersion is insignificant, i.e., E, approaches zero, Eq. (8) reduces to C = Co at the entrance, which is the case of a step input.
For the particle: (1) Eq. (1) simplifies to Langmuir's isotherm at equilibrium.
A mass balance over a section of the affinity packed column gives the following continuity relation:
The various terms in the above equation account for convective transfer of the solute, accumulation in the interstitial spaces, solute uptake in the porous beads, and axial dispersion, respectively. For a given porous particle, the following equation describes the diffusion of the solute into the pores with adsorption at the pore surface:
Assuming that there is no protein in the column in the beginning, the initial conditions can be written as follows. Initial conditions:
In order to include axial dispersion at the inlet of the column, and mixing at the exit of the column, the Danckwerts'
[ 171 boundary conditions are used.
Boundary conditions:
For the column:
The concentrations Ci and C in the pores of the particle and in the bulk liquid surrounding the particle respectively are coupled by the rate of mass transfer through the fluid film.
A t r = R
Numerical Solution Strategy
A moving front boundary value problem has to be proposed because of the low velocity and long column, as most parts of the column are not drenched at different times. The solution of the coupled non-linear second-order PDEs together with the boundary conditions requires computation by numerical methods. A moving finite element orthogonal collocation method is applied with respect to the space variables (z and r ) of the partial differential equations of the model to evaluate the breakthrough behaviour of the solute.
In order to apply collocation on a finite element [18] 
C (z, t ) is transformed to C ( Z (z, t ) , t ) .
The above equations are non-dimensionalised by the following dimensionless variables:
In the new coordinates, the mass balance Eqs (1) -(4) are transformed to
In terms of dimensionless variables, the initial and boundary conditions (Eqs (5) through (1 1)) are as follows:
where constants H 1 through Hs are defined as below:
The computer code for the governing mathematical equations is written in FORTRAN. The simulation is done by utilising NAG routine (D02EAF) on a Vax 88 system. This routine integrates a stiff system of first order ordinary differential equations, using a variable order variable step method implementing the backward differentiation formulae. Six interior points in the column and three interior points for the particle are used for the simulation studies.
Results and Discussion
Examples of simulations have been given to demonstrate the efficiency and robustness of a computer code based on a numerical procedure for the general rate model, which uses the finite element orthogonal collocation and Gear's stiff methods. The effect of axial dispersion, solute concentration, ligand loading, reaction kinetics, particle porosity, particle size, and flow rate on the breakthrough curve has been evaluated for a column packed with porous particles. The solute concentration profiles are evaluated with respect to time, i.e., in the form of a breakthrough curve. The base case parameter values used in the simulation are listed in Table 2 and are used throughout unless stated otherwise. Breakthrough time is defined as the time required for the exit solute concentration to reach 20% of that of inlet solute concentration (C = 0.2 CO).
Before proceeding to the simulation of the detailed model, it is necessary to check the validity of the numerical code for the moving boundary collocation method. This is achieved by comparing the numerical results with an analytical solution for a simplified model given by Rasmuson and Neretnieks [19] . The analytical solution was obtained by assuming homogeneous diffusion in the particle phase and a linear equilibrium relation between free and adsorbed solute. Six interior points in the column and three interior points for the particle were used for the simulation. As seen from Fig. 2 , the two results match perfectly well, confirming the validity of the numerical scheme. Fig. 3 shows a typical breakthrough curve for the adsorption step. Much of the information needed to evaluate column performance is contained in this curve. Its shape is a result of a complex mix of equilibrium and non-equilibrium processes. The solute front takes 10 min (residence time) to reach the bottom of the column, and therefore, there is no fluid coming out before this time. The solution that comes Table 2 .
out at 10 min contains unadsorbed solute at a concentration which depends on the capacity of the column. From 10 min onwards the effluent solute concentration increases with time. At very long times the column becomes saturated, and the effluent concentration equals the feed concentration.
The maximum capacity of the column for a given inlet concentration is equal to the area behind the breakthrough curve. The amount of solute that remains in the effluent is, of course, the area under the curve. For quantitative comparison purposes, two efficiencies [20] , i.e., solute recovery efficiency and bed utilisation efficiency, are defined in terms of area S, ( = used column capacity), S2 (= feed wasted), and S, (= unused column capacity) as shown in Fig. 3 .
Solute recovery efficiency = Sl/(SI + S, ) L 0 . 8 1
Bed utilisation efficiency = S,/(S1 + S3)
The determination of the breakthrough point and the shape of the curve affects the efficiencies of adsorption. Solute recovery and bed utilisation efficiencies are calculated at a breakthrough concentration of C = 0.2 C , for various parameters. Table 3 presents both the solute recovery and bed utilisation efficiencies for different parameters. Higher velocities and larger particles lead to more dispersion. At high dispersion, i.e., small Peclet number (Pe = Luo/Ez), the breakthrough curves are broadened, the time of total saturation is delayed and the loading capacity at the point of breakthrough is decreased. As dispersion decreases, i.e., Pe increases, the breakthrough curves become sharper. The higher the Peclet number, the lesser the axial dispersion, and hence the lesser the back mixing. This column operates with lower Peclet number, i.e., 0.2. The breakthrough curve for Peclet number 20.0 has better solute recovery and adsorbent utilisation efficiencies compared to that of the base case curve. Higher Peclet numbers are preferred for efficient operation.
solution to be supplied is large when the solute concentration is low and an optimum value has to be arrived at. Table 3 . It can be seen that as the loading capacity increases, the difference between kinetic and equilibrium (Langmuir) efficiencies decreases. At higher ligand loading, the Langmuir equilibrium is attained. Similar experimental observations have been reported by Boyer and Hsu [13] for adsorption of alcohol dehydrogenase on Cibacron Blue-Sepharose CL-6B adsorbents.
The parameter values used in model simulation are tabulated in Table 2 . Boyer and Hsu [I31 modeled their experimental system by neglecting axial dispersion. There is no separate transport equation for the particle phase. The rate constants in the rate of adsorption equation are not the intrinsic rate constants, but are lumped parameters which reflect the contributions of mass transport as well. Table 3 show that solute recovery efficiency decreases and adsorbent utilisation efficiency increases as C , increases. Lean feed is found to be better for solute recovery. However, the quantity of
In Fig. 8 our model predictions. Higher bed capacities need longer saturation times. The multiple breakthrough times can be seen in Fig. 8, i .e., breakthrough times increase as ligand capacity increases. Fig. 9 evaluates the effect of reaction kinetics on the breakthrough behaviour of the solute. The larger the forward rate constant, the sharper the breakthrough, thus improving adsorption efficiency. Higher values of the forward rate constant allow local equilibrium conditions to be approached more quickly. Kinetic rate constants can be changed by changing the pH of the medium. The comparison with Langmuir's isotherm case is made by substituting the corresponding k L values in the model. It can be observed from Table 3 that, as the forward rate increases, the difference between kinetic and equilibrium (Langmuir) efficiencies decreases. At high forward rate constants, the Langmuir equilibrium is attained.
Fig. 10 examines the effect of particle porosity on breakthrough curve. The effective diffusion coefficient is directly proportional to the porosity of the particles. A small change in porosity has a pronounced effect on the breakthrough curve as it will affect the ligand capacity. Lower porosity leads to higher ligand capacity and vice versa. If the porosity is increased the breakthrough curve is shifted to the left. It can be observed from Table 3 that a small porosity has slightly better efficiencies. Fig. 11 is the comparison of breakthrough curves for three particle sizes. Change in particle size affects the film mass transfer coefficient. For example, if uo is unchanged, the
Wilson and Geankoplis correlation [21] indicates that kf is proportional to R-2'3. As reported in the literature, smaller size particles are found to be effikient. Breakthrough is faster for larger particle sizes. Geankoplis correlation [21] indicates that kf is proportional to u ; '~. Breakthrough is faster for higher flow rates. When the flow rate is low a decrease in the spreading of the curve results in large solute recovery and bed utilisation efficiencies. High flow rates result in poor adsorption efficiencies. Low flow rates increase the time that the solute is in contact with the solid-phase, allowing more time for adsorption and permitting near-local equilibrium conditions.
Conclusions
Affinity chromatography is based on specific biological recognition and selective binding described by a nonlinear rate expression. In general, mass transfer effects, i.e., convective dispersion, fluid to particle mass transfer, and intraparticle diffusion will have a significant influence on the dynamics of the process. In the present study the following parameters have been shown to affect the breakthrough behaviour of an affinity packed column: axial dispersion, inlet solute concentration, ligand loading, surface reaction kinetics, particle porosity, particle size, and flow rate. 
